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Starting from a third order skew-symmetric tensor of continuity to represent area vectors
(bivectors) of Cauchy’s tetrahedron in a damaged state, a second order damage tensor is found
which has the diagonal form with respect to the considered coordinate system.

The second part of the paper is concerned with the stresses in a damaged continuum.
Introducing a linear operator of rank four a net-stress tensor is formulated. This tensor can be
decomposed into a symmetric part and into an antisymmetric one, where only the symmetric part
is equal to the net-stress tensor introduced by Rabotnov [7].

In view of the formulation of constitutive equations the non-symmetric property of the actual
net-stress tensor is a disadvantage. Therefore, a pseudo-net-stress tensor is introduced, which is

symmetric.

1. Introduction

The creep process in its tertiary phase is essen-
tially influenced by the effect of damage. It is well
known that the process of creep of a metal is accom-
panied by the formation of microscopic cracks on
the grain boundaries and that damage-accumulation
oceurs.

In the phenomenological uni-axial theory due to
Kachanov (1958) material deterioration is consider-
ed by introducing an additional variable w or, alter-
natively, ¥ = | — w into the constitutive equations
1.e. the strain rate can be expressed in the form
é= f(o, y), where ¢ is the nominal stress of a uni-
axial tension specimen. The material parameters ©
and y describe the current state of material damage
and the “continuity” of the material, respectively.
The parameter of “continuity”, w, represents that
fraction of the cross-sectional area which is not
occupied by either voids or internal fissures. The
net stress acting over the cross-section of a uniaxial
tension specimen is then 6 = o/w. When w=1 the
material is in its virgin state and the constitutive
equation mentioned above is reduced to the corre-
sponding relationship for the secondary creep stage.
When y = 0 the material can no longer sustain load
and the function is required to approach an infinite
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strain rate. Furthermore, it is assumed that the
damage rate @ or, alternatively, the rate of change
of the continuity ¥ is also governed by the nominal
stress and the current state of continuity, i.e.
w=—g (0o, y).

Deliberations about the forms of the functions f
and g were made in detail by many scientists, for
instance by Chrzanowski [1], Goel [2], Hayhurst and
Leckie [3], Hayhurst et al. [4]. In generalisation of
Kachanov’s theory constitutive equations and aniso-
tropic damage growth equations are given by ex-
pressions like

éj=fij(6, @) and @;=g;(0, 0),

respectively, where ¢ is Cauchy’s stress tensor, and
o is an anisotropic damage tensor. Creep damage
tensors are constructed, for instance, by Murakami
and Ohno [5, 6]. They assumed that material dam-
age accumulating in the process of creep can be
expressed by a symmetric tensor of rank two.
Rabotnov [7] introduced also a symmetric second
order tensor of damage and defined a symmetric net
stress tensor 6 by a linear transformation, o;;=
Qiik1 6%, where the fourth order tensor € is as-
sumed to be symmetric. In the present paper it is
pointed out that the fourth order tensor is only sym-
metric corresponding to the first index pair 7, but
not to the second one k /. Thus, the net stress tensor
is not symmetric in the anisotropic damage case.
Starting from a third order skew-symmetric
tensor of continuity to represent area vectors (bivec-
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tors) of Cauchy’s tetrahedron in a damaged state,
we finally find a second order damage tensor which
has the diagonal form.

2. Definitions

In this paper rectangular cartesian components of
the tensors are used througout; results discussed
here can be expressed in terms of general curvilinear
coordinate systems by the standard techniques of
tensor analysis. Index notation and Einstein’s sum-
mation convention are employed. Confining to
cartesian tensors we define:

In a »-dimensional space a (cartesian) tensor of
valence u alternating in a// indices is called a u-

vector, multivector, polyvector, antisymmatric
tensor or skew-symmetric tensor,
Aky by = Ay k] 2.1

where y =v.

Multivectors of orders 2, 3,4, ..., u are also called
bi-vectors, tri-vectors, quadri-vectors, ..., u-vec-
tors, respectively. A skew-symmetric tensor posses-

v!

" .
sesses exactly ( ): non zero-indepen-
U

u(v—uw!
dent and distinct (essentially distinct, i.e. differing
not only in sign) components.

In the following we restrict to a three-dimensional
space (v= 3) and consider bi-vectors and tri-vectors:

(2.2)
(2.3)

A[,/‘] = (A,/' —A/,)/Z 5
Aiji) = (Aijie + Ajri + Agij — Aikj — Ajik — Akji) /6 .

If we consider skew-symmetric tensors with respect
to ~ < p indices, for instance

Tkl.../\',‘ = T[kl---k).]k}.+1---ku where /4 =v, (24)

2

: ; n v N :
we have in v-dimensional space () - v#7< essential
A

components. In (2.4) the operation of alternation is
indicated by placing square brackets only around
those indices to which it applies, that is, the £
bracketed indizes k... k; are permutated in all
possible ways, while indices which are excluded
from the alternation are not bracketed. They keep
their positions. Thus we obtain /! terms. The terms
corresponding to even permutations are given a plus
sign, those which correspond to odd permutations a
minus sign, and they are then added and divided by
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+!. In three-dimensional space / can only be equal
to two or to three.

3. Geometry

In three-dimensional space a parallelogram form-
ed by the vectors 4; and B, can be represented by

Si= eijk Aj Bx (3.1a)
or in the dual form
Sij=eijk Sk <= Si= % &ijk Sjk » (3.1b)

where ¢, 1s the third-order alternating tensor
(&jx =1, or — 1 accordingly as i, j, k are even or odd
permutations of 1, 2, 3, respectively, otherwise the
components ¢;;; are equal to zero). From (3.1a, b)
we immediately find

3.2)

A; A
S,—,T—Z!A[,’Bﬂ= .

B; B;
Because of the decomposition (3.2) as an alternating
product of two vectors the bi-vector § is called
simple and has the following three nonvanishing
essential components
Si2=A4,B,—A4, B,
53[ =A3 B| —Al B3 .

(3.3)

In rectilinear components in three-dimensional
space, we see that the absolute values of the com-
ponents (3.3) are the projections of the area of the
parallelogram, considered above, on the coordinate
planes. Thus S;;, according to (3.2), represents an
area vector in three-dimensional space and has an
orientation fixed by (3.1a).

According to (3.1b) a surface element dS with an
unit normal n;, 1.e. dS; = n,;dS, is expressed by

dS;;= e dSy <= dS;= 1 & dSjx (3.42)

and
(3.4b)

1
Njj= &jjk N <= ;= ?6‘,,‘/\- N .

The components of the bi-vector n are the direction
cosines 1. ns, n3:

0 ny  —n
nj=\-ny 0 n (3.5)
n, —n; 0
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The principal invariants of (3.5), defined as
S =ni, =D = ngng,

3= nigg g g (368, 5,¢)

take the following values:
Jl (n) = 0 N
J3 (Il) = 0 )

—Jy(m)y=ni+ni+ni=1,

(3.7a,b,¢)

1.e. the only nonvanishing invariant is determined
by the length of the vector n;.

Imagine that at a point o in a continuous medium
a set of rectangular coordinate axes is drawn and a
differential tetrahedron is bounded by parts of the
three coordinate planes through o and a fourth
plane not passing through o, as shown in Figure 1a.
Such a tetrahedron can be characterised by a system
of bi-vectors,

d'S; = — 3 ey (dx2); (dx3)i,
d28;= — 3 &y (dx3); (dx )k,
d3Si=— 3 &k (dxy); (dx)k,
d4S; =3 & [(dx)); — (dx3)[(dx2)e — (dx3)]

(3.8)

where the sum is the zero vector:

d'S;+ d2S;+ d3S, + d*S; = 0, . (3.9)

In a damaged continuum we define a “net cross-
section” S =y S where y =1 describes the “con-
tinuity” of the material, as mentioned in the intro-
duction. Then, by analogy of (3.8), a tetrahedron in
a damaged continuum (Fig. 1b) can be character-
ized by the following system of bi-vectors:

d|§i= - % ik (dx2); (dx3) e = o d's;,
d28i=— 5 Bk (dx3); (dx)), = B d2S;,
d3Si=— 1 yijx (dx); (dx2) = y d°S;,
d*Si= 3 % [(dx1); = (dx3);]

[(dx2) — (dx3)i] = = d*S;,

(3.10)

where o, = o €k, Bijx = B €ijk, etc. are total skew-
symmetric tensors of order three, which have the
essential components %53 = a, ff123 = f, etc., respec-
tively.

From Fig.1(a,b) we find that only dS,=—nr,;dS,
d!S,=x4d'S,, d2S,=— n,dS, etc. are non vanish-
ing components of the bi-vector systems (3.8) and
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Fig. 1. Cauchy’s tetrahedron a) in an undamaged state,
b) in a damaged state.

(3.10). Then the sum of (3.10) yield the vector

(x— o) ny (3.11)
Zi=d'Si+...+d*S;=| (x- p)ny| dS,
(x—=7) n3

which is not the zero-vector, unless in the isotropic
damage case (x=f=7y=x) or in the undamaged
case (0= f=y=x= 1) according to (3.9).

Furthermore, because of d'S, + 0, d'S,=d'S;=0
etc., the damage state of the continuum at a point is
characterized by the bivectors

0 0 0 0 0-p
wy=(0 0 x|, py=[0 0 0]. G12a.b)
0—-2 0 g 0 0
0y 0
i =\—7 0 0]. (312C)
000

In the following we will examine if the bi-vector

0 y-8
=+ Pt ysi=\—-v 0 o] (3.13a)
p—a O
wii=ao e+ Bexjt+ e (3.13b)

could be a suitable “tensor of continuity”. Then the
damage tensor @ would be of the form

(3.142)
0 I=y =(=5)
@ij = ok ki~ Wiy = | — (1= 7) 0 I—a
1= —(1—u) 0
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(no sum on the bracketed index k) or
Wy == (1 = 1) 61,'/"1" (1 - ﬂ) 82,'/"*‘ (1 — ",') 63,"/' . (3I4b)

If a tensor is symmetric or antisymmetric, respec-
tively, in one Cartesian coordinate system, it is sym-
metric or antisymmetric in all such systems; thus
symmetry and antisymmetry are really tensor prop-
erties. Therefore, the skew-symmetric tensor (3.13a)
has only three essential components in any Carte-
sian system, for instance, %, f, 7 in relation to the
system x; or x*, f* 7* with respect of the system
xF.

The only nonvanishing invariants of the bi-vectors
(3.13) and (3.14) are determined by their lengths:

— () = -y = —Ty,p=02+ 242, (3.15)
—Jr(@) =(1=—2)>+(1=p)*+ (1— > (3.16)

In the undamaged state (x=f=y=1) we have
—J2(¥)=3.—J>(w) =0, and

0 1-1
Wi = et etey=1—-1 0 1 (3.17)
1 -1 0

We see that the undamaged state does not yield
an isotropic tensor, because the components of # in
(3.17) transform under the change of the coordinate
system.

Thus the bi-vector ¥ defined by (3.13a,b) is not
suitable to describe the state of continuity of a
damaged continuum, and we have to find another
tensor composed by the bi-vectors (3.12a, b, ¢). As
shown below, a suitable tensor of continuity may be
defined by

Wijk = L1je= % Ejk
= g -
Wllh< Wajk = Bajk =B eajk-

W3k = V3jk = ¥ €3jk

(3.18)

This tensor is skew-symmetric only with respect to
the two bracketed indizes [/ k] and possesses three
essential components (z, 4, y), as illustrated in
Figure 2.

In the isotropic damage state (%= f=y= ) the
tensor (3.18) is total skew-symmetric, and the un-
damaged continuum (% = f =y = 1) is characterized
by the third-order alternating tensor ¢; 4.

Supplementary to (3.18) we introduce the “‘dam-
age-tensor” (3.19)

o= =2 &k,

— /S
Wik = &ijk — Wik \\'here< k= (1= p) €2k

03k = (1= ) e3jk
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By analogy of (3.1b) or (3.4a,b) the dual rela-
tions

(3.20)
(3.21)

= 1

Viik = Vilik) = €jkr Yir < Wir= 3 &rjk Yijk »
== 1

Wijk = Wi[jk) = Ejkr Wir <= Wir =73 Erjk Wijk

are valid.

Contrary to (3.13) and (3.14) the dual tensor of
continuity y;; according to (3.20) and the dual
damage tensor ;; according to (3.21) have the
diagonal forms

w;; = diag {a, 3, 7| (3.22)

and
wi=diag {(1—2), (1- ), (1-y)},

respectively. For the undamaged continuum (y;x —
&;x) the dual tensor of continuity y;; is equal to
Kronecker’s tensor d;;, as we can see from (3.20) or
immediately from (3.22). The relations (3.20) and
(3.22) are illustrated in Figure 2.

Especially, from Fig. 2 we can see the skew-sym-
metric character of the third order tensor of con-
tinuity indicated in (3.20) and its three essential
components 7, /3, 3. These values are fractions which
represent the net cross-section elements perpendicu-
lar to the coordinate axes x;, x;, x3 (Fig. 1b) and
which can be measured in tests on specimens cut
along three mutually perpendicular directions xj,
X25.X3¢

According to (3.4a) a damaged surface element
dS can be expressed in the dual form

dji/ = &ijk ds:,\. <~ d§i = ']3‘ Eijk ds:ik s

(3.23)

(3.24)
and using the tensor of continuity (3.18) we find

dS,;=wi;dSy <= dSi=T v dSy.  (3.25)

anisotropic damage (a#+ B+y=*a) :

/r’ n v
7/ /
% A s
sy 0
A 2%\
7| 7 / /
e s 0 /~F3 [ 2
- p & A /
7 - N , .
7 % / // < > 0 B
7/ n ‘/\;——_’\
" . 4R Vo o
7z 7 /
/
fo A
Lo a0 X

Fig. 2. Third order tensor of continuity and its dual form.
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Denote, that the bi-vector d.f,, or dS;x in (3.25)
must have the same indizes with respect to which
the tensor (3.18) is skew-symmetric. Combining
(3.4a) and (3.25) we have the linear transformations

dS; =3 vipedS,,, dSi=y;dS,, (3.26a,b)

where y;, is the tensor (3.20), (3.22) and y;j,, is a
fourth-order non-symmetric tensor defined as

Wl/pq Ykij €kpg » (3273)

which, by using (3.20), can be expressed through

Vijpg= (5117 ‘)/q 5iq 5/’11) Ver— (ll/ip 5jq — VWiq 5jp)
- (in Vig— 5iq W/p) . (327 b)

This tensor has the antisymmetric properties
Viipg = — YWjipg = — Vijap = Vjiqp (3.28)

and is symmetric only with respect to the index
pairs, 1.e.

(3.29)

More briefly, the properties (3.28) and (3.29) can be
indicated by

Vijpq = ¥pqij -

Y(@iilpa) - (3.30)

The essential components of the tensor (3.27) are
given by

Vijpg =

a B, 7, if i j is an even permutation of p ¢
Wiipg= \— % —F.—7, if ijis an odd permutation of p ¢

0, otherwise (3.31)
that means
Van=ynn=0 Yan=yps= A
V=¥ =7

(3.31b)

W3 =Wnn=—0o) Wi =YW= —
Van=vi21 = —7.

In the isotropic damage state (x=/f=y=x) the
tensor (3.27) is proportional to Kronecker’s general-
ized delta 6;;,4 = éxijéxpq, and is identical to that
one in the undamaged continuum characterized by

1=ﬁ=}"= 1.

4. Stresses in a Damaged Continuum

In the undamage continuum (Fig. 3a) Cauchy’s
formula
pi=gjin;

4.1)

Damage Tensors and Tensors of Continuity in Stress Analysis

1387

Pz pilbin)

$ynydS = an,dS

X3

X3
CALCHY's tersor ¢ net - stress tensor 0,
al o)

Fig. 3. Stress Tensor regarding a) an undamaged, b) a
damaged continuum.

is derived from equilibrium, where p; and n; are the
components of the stress vector p and the unit
vector normal n, respectively.

In the same way we get to the corresponding rela-
tion for a damaged continuum,

DiVm = Vjk Gkinj» 4.2)

where y;, are the components of the continuity
tensor ¥ according to (3.20).

The surface elements dS and dS in Fig. 3 are sub-
jected by the same force vector:

Thus, considering (4.1) and (4.2), we finally find the
actual net-stress tensor ¢ as a transformation from
Cauchy’s tensor:

= VYir 0',/ =g~ 01/ W:r arj + éji B (44)

By suitable transvections we find g;; 6, " = w;; and
2 -0 = D ’
Gij0 /k Vik

As indicated in (4.4), the actual net-stress tensor 6
is non-symmetric, unless we have isotropic damage
expressed by y;, = v d;,.

Because of the symmetry o= (o;;+ g;;)/2 of
Cauchy s stress tensor ¢ we find the representations

(4.5a)
(4.5b)

Oij=73 (sz 0jq+ 0ig Wip) 6pg = Pijpg Gpq s

6ij=7 (Wi;l)o/‘q"' Wi; 9jp) Opg = Pijpq Tpq
from (4.4). We see, the fourth-order tensors ¢ and
@ defined as (4.5a,b) are only symmetric with

respect to two indices:

Piipa= Cjipas  Piipa= Pijqp > (4.6a,b)
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that is, the actual net-stress tensor ¢ is non-sym-
metric in the anisotropic damage case:

G2/ =plo, 61/6n=y/B, &3/63=2o/y. (47)

This fact is a disadvantage, and it is awkward to
use the actual net-stress tensor 6 in constitutive
equations with a symmetric strain rate tensor &.
Therefore, we introduce a transformed net-stress

tensor t defined by the operation

ti=5 Gu v+ vl 60 . (4.8)

which is symmetric. Inserting (4.5b) into (4.8) we
have

1= Clipq%pq> (4.9)
where
Chpi=13 (" v+ vy i) (4.10)
is a symmetric fourth-order tensor
Cl(‘/‘_ﬁlq) = C/ll"i C:(/-qlp) C;;;,!/')~ (4.11)

In the undamaged (¥ —4d) and total damaged state
(¢ —O0) we have

Clipd = Eijpg= 1 - ay (4.12)
and

C,‘,,,Iq = Qjjpq = tij = 0y (singular), (4.13)
respectively, where

Eijpy= ((),,, 0jg t 0ig 0jp) (4.14)
1s the zero power tensor of rank four.

The inverse from of (4.9) is given by
i = Ciipglpg - (4.15)

where

Cijpg= % (Wip Wig + Wiq Wjp) (4.16)

is a symmetric fourth-order tensor of continuity,
Ciipg= Ciipg= Cijgp= Cpyij » (4.17)

which is connected with the tensor (4.10) by the
relation
C C( ]')

(=1) (0)
ijpg “pgkl — Cl/pq Cqu/ I[kl— l//\[ (4 18)

Because of the symmetry properties (4.11) and
(4.17) the fourth-order tensor of continuity (4.16)
and its inversion (4.10) can be represented by 6 x 6
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square matrices, which, because of (3.22), have the
diagonal forms:
(4.19a)

— 1 f
Cijkr=diag {Ci111, Cazza, C3333, Craiz, Cozz, Caizi)
: 2 2 .21 l oo A .
Cijri=diag (2, B v, s 2 B35 Br. 3 v o}, (4.19b)
and

1) =) (=1
Chd = diag {C7)], €523, C53), €313, C52), C5iat)

(4.20a)

C,/A/ diag {—. % Lz 71/), %ﬁ, i ,(4.20b)
that is, the components of the pseudo-net-stress
tensor ¢ are given in the following manner:
=0, 112=L012- ’|3=L0|3-

- oapf oy
Ly =1, [~n=L70'22 1= 1—023 (4.21)
ao TR By

1

I3 =03, I32= D3, 133= 75 033.

/

The results (4.9) and (4.15) can also be found in
the following way. Using the linear transformations

=1 @ us "+ w8 6,y (4.22)
and

épq = ]? (6pr Vys + 5,7.\' qu) Lys,s (423)

which connect a fictitious symmetric tensor ¢ with
the actual non-symmetric net stress tensor &6, we
immediately find (4.9) by inserting (4.5b) into
(4.22) and (4.15) by inserting (4.23) into (4.5a), re-
spectively.

Because of the non-symmetric property of the
actual net-stress tensor we find:from (4.23) the
decomposition

=G(pg) T Olpg) » (4.24)

Opyg
where the symmetric and antisymmetric parts are
given by

G pay= (pr Yrg + W 10g)/2 (4.25)

and
Wprlrg)/2 5 (4.26)

Otpq) = (tpr ¥rg =

respectively. In the special case of isotropic damage
(vi; = w d;) we have 6,y = W 1pg and G = Opy.

An interpretation of the introduced pseudo-net-
stress tensor (4.8) can be given in the following way.
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An alternative form of Cauchy’s formula (4.1) is
dP,':O'/','dS,'. (427)

where dP; is the actual force vector (4.3), and ac-
cording to (3.26b) we can write

dP,‘=O'/',' l//:';])dsﬂ,- (4283)
or inserting (4.15) we find the relation
dP;=y,1,,dS,, (4.28b)

which can be multiplied by v, so that we have
u/fj D dP;=t,,dS,, or after changing the indices:

wiiVdP, = dP;=1;,dS;. (4.29)

Comparing (4.27) and (4.29) we see, that (4.29) can
be interpreted as Cauchy’s formula for the damaged
configuration, which is subjected to the pseudo-
force dP; = (//f—Z”de instead to the actual force dP;.
Because of the non-symmetric properties of the
“net-stress-tensor” ¢ and the operator ¢, i.e.

6= G+ &) + 5 (6= &) (4.30)
and
Dijpg = % (Pijpg + Pijqp) + % (Pijpg = Pijap) - (4.31)

respectively, we find, from (4.5a), the decomposi-
tions:

I g .
i =7 (Pijpg + @ijgp) (6pq+ b4p)

+ % (Pijpg = Pijap) (Gpg— Ggp) » (4.32a)

0ij= % Wip Oq + Wip Oig + Wig jp + Wig 0ip) (6pg + G4p)
+_é (Wip Ojg+ WjpOiq= WigOjp—WjqOip) (Bpg— bgp)-
(4.32b)
Because of (4.6a) the right hand sides in (4.32a,b)
are symmetric with respect to the indices 7/ and J.
Furthermore, we see the symmetry with respect to
the indices p and ¢. This fact can be seen immedi-
ately from (4.5a). In the special case of isotropic
damage, i.e. y;;= y §;; or 6,,= G,,. the second term
of the right hand side in (4.32b) vanishes. Then,
equation (4.32b) is identical to those formulated by
Rabotnov [7].
In a similar way, from (4.5b) we find the decom-
position of the “net-stress-tensor” é into a sym-
metric and an antisymmetric part: (4.332)

o I
6ij= 3 (Pijpg + Pjipg) Opg+ 3 (Pijpg— Pjipg) Opq »
A1 1) 5 (—=1) e =1 s =15
Gii=7 Wip 0jgt Wig Ojpt+ ¥jp Oigt Wjg 0ip) Gpy
Lo (=1 g -1 s -1 s
+ 3 Wip "0t Wig 0jp— Wjp iy

— ;" d,) 6,y (4.33b)
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The results given above may be expressed by the
damage tensor . For instance, from (3.27a,b) in
connection with (3.19) and because of y;; = d;; — w;;
we have
Vijpg = 5{/'/11/ = Wgjj €kpg = (61\‘//‘ - wki/') Ekpg > (4343)
Wiipg = (0ip 0jg = 9ig 0jp) (1 = 1) + (@ip Gjg = Wig Jp)

+ ((5,'/, (U/'q = 61’({ (U/'I,) s (434 b)
Furthermore, instead of (4.5a) and (4.32b) we find
0= 7 [6ip g+ Big 8jp = (ip §jq + Biq w})] Bpg

4.35
and ( &
(4.35b)

1 & 5 " & B
— 5 (@ip0jg+ 0ig jp+ Wigdjp+ 0ip jg) (Gpg+ Ggp)

Ty
0ij =75 (6ij+ 6;)

l o N N N A A
=5 (Wipdjg+0iq jp— ig0jp—0ip Wjq) (Gpg— bgp) -
By using the inverse

) 1
T 2 det ()

If

Ergp Eikl Ypk Vql (436)

and because of the symmetry g;;= (g;; + ;))/2, we
find the following relations for the ‘“net-stress-
tensor”:

[(5is 5_[/ + 5,‘1 5,'5) (1 = (D,,)

. 1
T= 2 det (6 — @) .
+ (w5 051 + Wiy dy)

(4.372)

+ ';_ Eikl (6.s'pq é/l

+ €1pq Ojs) Wpk ©Ogl] 51
2 1
T —— [(1- /) 0+ wir 0y (4.37b)

+ 3 Eiki Espg Opk Og1 Tsj] 5
l f
jij= ———=——[1=Ji(0) =J y  (437c
%= det (6 - o) d 1(@) = Jy(@)] oy 2 ( )
St [1 _Jl ((1))] Wir Urj+ wi'r) o’j; B

where

(4.38a,b)
— 5 _ 1
Ji(@) =60, Jr(0)=7 (00— 0;w;)
are invariants of the damage tensor .
Finally, we consider Cauchy’s stress equations of
equilibrium,

0','[‘/'=0, (439)

in the absence of body forces. Then, by using the
transformation (4.4), we have the equilibrium equa-
tions in the net stresses:

6riWrj* ¥r6,i;=0. (4.40)
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The symmetry of Cauchy’s stress tensor (g;;= g;;)
resulting from moment equilibrium yields the con-
dition

Wip 6= Wig 601 OF 6= Wiy Wjp Gpg (4.41a,b)

which states, that the “net-stress tensor” is non sym-
metric. From (4.41b) we find the decomposition
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into a symmetric part and an antisymmetric one:
N N ) (-1) p i
Oij= 3% (W“I Yip + Vip qu) (qu + G‘H’) (4 42)
1, (-1) (-1 A s ’
T3 Wig Vip—Vip ¥pg) (6pg— Gyp) -
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